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Probability of Failure and Risk Assessment of
Structure with Fatigue Cracks

M.-H. Herman Shen* and Minsheng Shen'
Ohio State University, Columbus, Ohio 43210

A methodology is proposed for the evaluation of the reliability of a cracked structure with uncertainties in
external loadings, material properties, and initial crack geometry. The methodology consists of determining the
probabilistic erack path and calculating the cumulative probability of failure for mixed-mode crack propagation.
The performance of the methodology is demonstrated by mode I and mixed-mode fatigue crack problems.

Nomenclature
a = crack length
a; = initial crack length
C = fatigue material property
d = displacement
E = Young’s modulus
g(X) = performance function
K = mode I stress intensity factor
Ky = mode II stress intensity factor
L = length of model
N(X) = fatigue life
Ny = expected life
n = fatigue material property
P = probability of failure
u; = reduced random variable
w = width of model
X; = random variable
X = random variable vector
B = reliability index
AK(a)eq = equivalent stress intensity factor range
(4 = fatigue crack propagation direction
<> = standard normal cumulative distribution function

Introduction

ANY optimum or lightweight designed load-carrying struc-

tural systems such as turbines, generators, motors, aircraft,
and spacecraft are usually under severe operational conditions. One
factor of damage that could lead to failure of the system if unde-
tected is a cracking structural member of the system. For example,
the Aloha Boeing 737 accident that occurred on April 28, 1988 trig-
gered an awareness of the fact that fatigue damage of in service
aircraft structural components is a serious issue that we must deal
with immediately.

Extensive research have been done analytically as well as experi-
mentally on the mechanics of fatigue crack growth and the predic-
tion of the crack path of structural components. Almost all of the
studies so far were conducted using deterministic mode I fracture
analysis methods, in which loading, initial crack conditions, and
crack path are assumed known. However, it is clearly indicated in
practical applications that fatigue crack growth is sensitive to a vari-
ety of complex cyclic loading conditions and initial crack geometry
which usually cannot be determined accurately. Most of them are
guantifiable only as best engineering estimates. Therefore, the de-
terministic analysis methods are not sufficient to properly design the
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critical components in aerospace, mechanical, and civil structures,
and flight vehicle structural systems, in particular. To predict the
service life of the structural components containing cracks as well
as its fracture and risk assessment, in addition to an accurate de-
terministic analysis procedure, a reliability analysis is also required
to account for all of the random uncertainties in the mechanical
cyclic loads, material properties, structural forms, and initial crack
geometry. This motivates the recent research efforts for the devel-
opment of the reliability methods to evaluate probability of brittle
fracture and to assess the associated risk of engineering components
containing flaws.

The probabilistic structural analysis methods' (PSAM) have been
developed by NASA Lewis Research Center to predicate the effects
of uncertainties in loading, material properties, boundary condi-
tions, and geometry on the flight vehicles’ structural performances.
One of the major tasks under the PSAM project was the develop-
ment of a nonlinear evaluation of stochastic structures under stress
(NESSUS), a probabilistic structural analysis computer code, which
integrates finite element methods and probabilistic algorithms.? This
code is designed for calculating the structural responses (stress,
buckling loads, natural frequency, etc.) under uncertainties in ana-
lytical models such as propulsion structural components.*

Recently, NESSUS has been extended for determining structural
reliability considering progressive fracture* with a predefined crack
path. However, when the crack path is unknown the reliability anal-
ysis was not achieved due to the major difficulty of determining
the crack growth direction as well as the crack path in progres-
sive fracture.

Another contribution to the reliability analysis of structures under
progressive fracture is the recent work of Liu et al.’ and Besterfield
et al..%” who presented a fusion method of the probabilistic finite
element method (PFEM) and reliability analysis for probabilistic
fatigue crack growth. Their approach consists of calculating the re-
liability index via an optimization procedure which is subject to
the equality constraints originating from the crack growth direction
law and equilibrium, and inequality constraint (i.e., the performance
function). The random variable vector includes initial and final crack
length, crack angle, crack position, material properties, and external
loads. They discretized the unknown crack path into many pieces
of straight lines connected at each discretization point. The direc-
tions of these straight lines were determined by the crack direction
law. However, the performance of the method was demonstrated on
mode I fatigue problems only. Consequently, similar to the examples
presented by Millwater et al.* due to mode I behavior, the fatigue
crack growth was restricted in a straight line.

In summary, in all of the studies mentioned!~? the crack path (a
straight line) was actually predefined, and a cured crack path prob-
lem (mixed mode fracture) was considered but has not been studied
at all untill recent work by Lua et al.®° In their studies, an efficient
stochastic boundary element method was developed to study proba-
bilistic fatigue crack growth under mixed-mode (modes I, I) failure.
However, dealing with similar problems via finite element methods
has not been shown yet.
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Compared to the mode I problem, the mixed-mode fatigue crack
growth reliability problem is more complicated. The major differ-
ence is the determination of the crack path which usually is a curve
constructed by the information of the primary random variables:
external loads, material properties, structure configuration, initial
crack geometry, crack position, and other factors.

The goal of this study is to develop a method of computing the
fatigue crack growth path and the cumulative probability of failure
for mixed-mode crack propagation. Two basic issues are addressed
in this study. First, anew methodology to determine the probabilistic
crack path of mixed mode is presented. Second, the cumulative
probability associated with the crack path, a straight line or a cure,
is calculated by the fast probability integration (FPI) technique.

Theoretical Formulations
Review of Fast Probability Integration Technique

In general, a structural reliability analysis is needed to compute
the probability of failure which usually requires a multiple integra-
tion. Except in the cases of one or two random design factors, it is
a practical impossibility; therefore, analytical approximation meth-
ods are needed. Since the 1970s, a number of numerical methods
have been developed to describe structural reliability without hav-
ing to perform the computational intensive multiple integration. For
example, the FPI technique, an advanced reliability method, was
designed to generate a reliable distribution function in much less
computing time than that for Monte Carilo simulation. Therefore,
in this research, all of the reliability calculations were performed
using a NESSUS/FPI module.

In structural reliability analysis, a performance function or limit
state function g( X ) needs to be defined in terms of a vector of basic
design factors, X = (X1, X», ..., X,)7, such that the probability
of failure is

pr=Plg(X) = 0] 0]
In this study, the performance function is defined as
g(X)=N(X)-No @

N(X) and N, are the service life and the expected life, respec-
tively. The random variable vector X includes external loads, mate-
rial properties, crack geometry (initial position, initial crack angle,
and crack position).

The FPI method, one of the most used recently, can be thought of
as an extension to the Hasofer-Lind formulation® which starts with
the transformations

u; = (X; — pi)/o (€))

Here u; is the reduced variable, and p; and o; are the mean and
standard deviation of X;, respectively. By substitution, g(X) can
be expressed as g(x) in terms of reduced variable u;. Then, the
reliability index B is defined as the minimum distance from the
origin of the reduced coordinates to the limit state. The probability
of failure is given by

pr=2(=H @

where @ is the standard normal cumulative distribution function.

N(X) usually is an implicit function of random vector X. It is
difficult to obtain a closed form of N(X) for real structures. Ex-
panding it by Taylor’s series expansion at the median values of X;,
or equivalently, at u; = 0, we have

N ON\ [ 8X;
N@) = Nlyeo + (——) (—)
; BX, 8u,~ u

One can retain the higher order terms (HOT) of Taylor’s series to
estimate higher moments of N (u). By selecting a set of data points
u; and calculating corresponding values N;(i), we can get the co-
efficients in the Taylor’s series. Now the performance function can
be approximated as a polynomial function.

(u; — 0) + HOT (5)
=0

Crack Growth Laws
The most common law for fatigue crack growth is the Paris-
Erdogan law!®

da n
v C{AK(a)eq} (©)

or its alternate form

N af da
ﬂ w Z/ CIAK @) @

where C and 7 are material properties. AK (a)e, is the range of
equivalent mode I stress intensity factor.

AK(a)eg = K™ — K3 ®)

K™ and K ;‘;‘“ are the maximum and minimum equlvalent mode 1
stress intensity factors associated with the maximum and minimum
cyclic applied stress.

By the maximum principal stress theory," the AK (a)e,q can be
expressed as

C 4 6 0 o,
AK(a)eq = AKY cos® Eo — 3A Ky cos? —29 sin 70 )

where 6, is the angle between the previous and current crack prop-
agation direction.

There are several criteria for determining crack growth direction
for mixed-mode fracture. Three of the most widely accepted are
1) the minimum strain energy density theory which states that crack
initiation will start in a radial direction along which the strain energy
density is a minimum; 2) the maximum energy release rate theory
which states that the crack will extend in the direction along which
the elastic energy release rate will be maximum, and the crack will
start to grow when this energy release rate reaches a critical value;
and 3) the maximum circumferential stress theory developed by
Erdogan and Sih,!! which states that the crack will start to grow
from the crack tip in the direction along which the tangential stress
is maximum and the shear stress is zero, i.e.,

cos @ /2[Kysinf + Ky(3cos@ — 1)} =0 (10)
which yields
K;sin@ + Ky(B3cosfd — 1) =0 an
or
cosf/2=0 (12)

Equation (12) indicates 6 = +x which are the free surface direc-
tions of the fatigue crack. Equation (11) provides the relations be-
tween 6, Ky and Ky, which can be used to calculate the crack prop-
agation direction. In the Appendix, it is shown that Eq. (11) can be
also obtained from minimum potential energy criterion.

To evaluate the service life N (i), the stress intensity factors must
be known. These stress intensity factors can be determined analyti-
cally or by experimental testing only for simple structures.’? In
general they have to be evaluated by numerical techniques such as
the finite element method.

The stress concentration near the crack tip area can be simu-
lated either by regular finite elements which usually require a very
substantial refinement in the vicinity of the crack tip or by fewer
numbers of so-called singular elements in which the stress/strain
singularity is implemented by predesigned shape functions. It is
quite expensive in computer time and data preparation efforts to
use these refined meshes, especially in the problem of probabilistic
structural analysis. Thus, in the present study the singular finite el-
ement approach is suggested, and the stress intensity factors are
obtained from the near-tip displacement field.!>!4
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New Methodology of Fatigue Crack Growth Reliability

According to Eq. (7), the service life is a function of the material
properties, the stress intensity factor, and the crack path. However,
the crack path along which the crack propagates is dependent on
the primary random variables. Therefore, to evaluate the fatigue
crack growth reliability, the crack path must be determined before
performing the reliability analysis.

As mentioned before, for mode I fatigue problems, straight crack
growth is expected. However, for the mixed-mode problem the crack
path is a curve. It is implied that the crack propagation direction
varies during its growth. Even at the same initial crack location
with different set values of primary random variables, the crack
propagation directions are different. This, in turn, jeopardizes the
fatigue crack growth reliability analysis which requires, as itis stated
before, a predefined crack path.

In this research a new method is proposed to determine the crack
path of a structure under mixed-mode (mode I and mode II) fatigue
loading. The idea is to divide the entire crack path into many seg-
ments. In each segment, the curved crack path is approximated by
a polynominal function such as

2 k
Y=o+ ax + X+, ..., ox

k

= Z cixt (13)

if a plane problem is considered. Once the coefficients ¢;(i =
0, ...,n) are found, the curve of this segment can be determined
under this set of values of random variables. Obviously ¢; are de-
pendent on the primary random variables (external loads, material
properties, . . . ). To simplify the problem, a quadratic function to de-
scribe each segment of a crack path is suggested. Because the length
of each segment can be relatively small, the quadratic approximation
is considered sufficient, i.e.,

y=co+cx+ cx? (14)

According to Eq. (14), the service life (V) is not only related to
the primary random variables but also is dependent on the crack
path (y) defined by the unknown coefficients (cy, ¢1, c2) of each
segment, i.e.,

N=N(,c) (15)

In which b is the primary random variables and ¢ represents the
unknown coefficients.

Now let us assume that the current crack tip is located at (x;, y;)
and the following crack tip position is (x;41, ¥;+1). Hence, at the
point(x;, y;), the assumed polynominal function should satisfy

y(x:) =y (16)
and
¥ (x;) =tan6; amn

The angle 6; is determined by Eq. (11). According to the discus-
sion in the Appendix, at the point (x;,,, yi+1), the crack direction
law, Eq. (11), should also be satisfied. However, the point (x;1, yi+1)
has not been determined yet. It can be defined if coefficients ¢y, c;,
and c, are known. In this study, an iterative method is presented to
calculate these coefficients via the following procedure:

1) Assume an arbitrary value for any one of these three coeffi-
cients, for example, c;.

2) The other two unknown coefficients can-be calculated through
Egs. (16) and (17).

3) Based on this segment crack path, remesh the elements, and
analyze the structure.

4) Calculate the stress intensity factors corresponding to the
updated crack path, and then the crack direction 6;;; at point
(xi41, ¥i+1) can be obtained by using the crack direction law.

5) Substitute 6;,; into Eq. (17), ¢; can be solved.

6) Goto step 2, repeat this procedure until convergence is reached.

Table 1 Problem data (mode I)

Standard
Parameter Distribution Mean deviation %
Length L Deterministic ~ 20.0 in. 0.0 0.0
Width W Deterministic 4.0 in. 0.0 0.0
Thickness ¢ Deterministic  1.0in. 0.0 0.0
Young’s modulus £ Deterministic  3.0E +7 0.0 0.0
Poisson’s ratio v Deterministic 0.3 0.0 0.0
Tension load o Normal 12E+4 12E+43 10
Initial crack length a; Lognormal 0.0lin. 0.00lin. 10
Fatigue parameter C ~ Normal 1.0E—-10 3.0E-11 30
Fatigue parameter .~ Normal 3.25 0.08 25

With the predicted crack propagation curve, the service life for
this segment of crack curve can be obtained through the Paris-
Erdogan law which, in this research, is expressed as

Gi+1 1
AN =~/a‘i mda
Xi+1 1
S _ 1 32 dx
/ Clak@ar V' T

One can observe that the crack path is sensitive to the variables
such as loading, material properties, and initial crack geometry
which usually cannot be defined precisely in most practical prob-
lems. Therefore, considering the effects of the uncertainty of those
variables, the reliability is calculated through a probabilistic struc-
tural analysis process using the NESSUS/FPI module. The entire
analysis process is described as follows.

1) Determine the initial crack tip location, say (xo, yo)-

2) According to the distributions of random variables, choose a
set of values of random variables; under these values calculate the
crack path by the proposed iterative procedure.

3) Obtain the stress intensity factors, crack length, and ser-
vice life.

4) Change the values of random variables, calculate another crack
path and corresponding service life.

5) Calculate the reliability of the structure through NESSUS/FPI.

6) Move to the next segment and repeat steps 2--5.

(18)

Examples and Discussions

In this study, two fatigue crack growth reliability analyses are
performed: mode I and mixed-mode fatigue crack growth reliabil-
ity problems. In these two examples, initial crack length, external
tensile force and shear force, and crack growth parameters C and
n in the Paris-Erdogan law are considered as primary random vari-
ables. To simplify the problem, other variables, such as structural
configuration, crack position, crack orientation, etc. are assumed
determinates. The system uncertainties in the fatigue crack growth
problem now can be expressed as

b={a;,0,7,C,n] (19)

where g; is the initial crack length. In the mixed-mode, a; is consid-
ered to be deterministic and o and t are applied tensile and shear
loads, respectively. C and n are parameters in the crack growth law.
For the mode I shear stress 7 is zero.

Reliability for the Mode I Fatigue Growth

The methodology has been applied to a through-the-thickness
single-edge cracked plate under a uniform distributed tensile load
as shown in Fig. 1.

The mean value of external load which is normally distributed is
12 ksi. Because of the symmetries of structure and external load,
only the upper-half is considered. The problem data are tabulated
in Table 1. Figure 2 is the stress intensity factors vs crack length.
The solid curve is the solution from the deterministic finite element
method (FEM), and the dashed curve represents the predictions
based on Ref. 12. One can observe that these results are in good
agreement, and the difference is less than 1% when the crack grows
from 0.01 in. to 0.1 in.
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Fig.1 Model for mode I crack problem.
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Fig.2 Comparison of the mode I stress intensity factors during crack
propagation between Ref. 12 and FEM solutions.

The fatigue lives vs crack length are depicted in Fig. 3. It is shown
in the figure that at least 3.3 E + 6 cycles is needed for the crack to
propagate from 0.01 in. to 0.02 in. However, it takes only about an
additional 3.88E + 6 cycles for the crack to grow from 0.02 in. to
0.1 in. It needs to be mentioned here that in Figs. 3 and 4 dashed
curves are based on the stress intensity factor values provided by
Ref. 12. One can see in Fig. 3 and in following Fig. 4 that the relative
difference between the results is bigger than in Fig. 2. This can be
explained by observing Eq. (18), when the exponent of AK (a)eq
n is over 3, the small error in stress intensity factor can induce a
bigger error.

The comparison of combined effect under the effects of all un-
certainties listed in Table 1 between the solutions based on the
handbook'? and the present finite element predictions is shown in
Fig. 4. The results are presented in terms of cumulative probability
vs fatigue life. The x axis is the fatigue life when the crack propa-
gates from 0.01 in. to 0.1 in., and the vertical axis is the cumulative
probability. It is important to note that a small error in stress intensity
factor can induce a bigger error in fatigue life and even bigger in
cumulative probability.

Reliability for the Mixed-Mode Fatigue Growth

The methodology has been also applied to a through-the-thickness
single-edge cracked plate under uniformly distributed shear and ten-
sile loads as shown in Fig. 5. The mean values of external shear and
tensile force are 12 ksi and the initial crack length ¢, is 0.1 in. Other
random variables are listed in Table 2. Since the curved crack path
destroys the symmetry of the problem, in this case, the entire plate
will be meshed to analyze the crack propagation and evaluate the
reliability of structure. The analyses for mixed mode are much more
involved than for the mode I crack propagation problem.

By the proposed iterative procedure described in the previous
section, the expressions for each crack segment under every set
values of random variables are obtained. For example, when the
increment of crack from initial crack tip in the x direction is 0.05 in.,
the corresponding predicted crack curve function is

y = 10.14147 — 1.40143x — 0.1316x* 20)

In Fig. 6, a complete crack path propagated from x = 0.1 in. to
x = 0.4 in. is shown under the mean values of external loads. Only
part of the model near the crack tip is presented in Fig. 6.
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Fig.3 Comparison of fatigue life during crack propagation between
Ref. 12 and FEM solutions.
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Fig.4 Comparison of combined effect under effects of all uncertainties
listed in Table 1 between Ref. 12 and FEM solutions.
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Table 2 Problem data (mixed-mode)
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Fatigue Life (x1.0ES)

0.10 0.20 0.30
Crack Increament In X Direction (in)

Fig. 7 Relationship between fatigue life and crack increment in x di-

Standard
Parameter Distribution Mean deviation %
Length L Deterministic 20.0 in. 0.0 0.0
Width W Deterministic 4.0 in. 0.0 0.0
Thickness 7 Deterministic 1.0in. 0.0 0.0
Initial crack length.a; Deterministic 0.1in. 0.0 0.0
Young’s modulus £  Deterministic ~ 3.0E 47 0.0 0.0
Poisson’s ratio v Deterministic 0.3 0.0 0.0
Tension load o Normal 1.2E+4 12E+3 10
Shear stress 7 Normal 1.2E+4 12E+3 10
Fatigue parameter C ~ Normal 1.0E-10 3.0E-11 30
Fatigue parametern  Normal 3.25 0.08 2.5
= 12ksi
i:l T =12ksi

LITTTTT

Fig. 5 Model of mixed-mode crack problem.
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Fig. 6 Mixed-mode crack propagation curve.
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Fig. 8 Cumulative probabilities for each segment.

Under the mean values of random variables the relationship bet-
ween fatigue life and crack increment in the x direction is obtained
and shown in Fig. 7. It is interesting to note that the increasing rate
of the fatigue life is getting smaller when the crack propagated.
For instance, when the crack increment in the x direction from
initial crack tip is 0.05 in., the fatigue life increases about 5.0 x 10°.
However, it takes almost the same number of life cycles for the crack
to propagate an additional 0.3 in. (from x = 0.1 in. to 0.4 in.). This
tendency is similar to that which was observed in the mode I fatigue
crack problem.

Figure 8 shows the cumulative probabilities for six propagating
periods. Under each figure, the caption (x : x;—x;) indicates that the
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Fig.9 Cumulative probability for whole crack path.

crack propagates in the x direction from x; to x,. For example,
Fig. 8a shows the probability of failure for crack propagation from
x = 0.1 in. to x = 0.15 in. The deterministic fatigue life for this
periodis 5.05x 10°. When a 99% reliability is chosen, the service life
will be 4.6 x 10*. In the actual design, the requirement on reliability
usually is higher than 99%. Consequently, the actual service life is
much less than the deterministic fatigue life.

The cumulative probability of failure for the entire crack path, a

total of six crack path periods, is shown in Fig. 9. The deterministic:

fatigue life cycles are 1.018 x 10%. When the fatigue life reaches
2 x 108 the failure probability is over 99%. Finally, in this study,
the sensitivity analysis of random variables is also carried out for
different failure probability levels. For example, the most two sen-
sitive variables at 0.99 probability level are determined to be the
fatigue material properties # and C where the corresponding sensi-
tivity factors are 0.539 and 0.783, respectively. That means at this
level C is more sensitive.

Appendix

A. Potential Energy of a Cracked Body

The two elastic bodies shown in Figs. Al and A2 are under the
action of the same prescribed surface tractions 7; on Sr. They are
otherwise identical except that the crack in the second body has
propagated a farther length 2s. Both bodies can be envisioned as
having a crack of length ay + 2s except that the crack of the first
body is closed by an amount 2s by stress a:(iz *) acting on the crack
surfaces over 2s. In this case, the stress component as(,?” of the
first body on 2s should be included as part of the tractions of the
first body. Thus, in the absence of body forces, Beiti’s reciprocal
theorem, which states that for a linear elastic body subjected to two
different loadings the work done by the first loading acting through
the displacements produced by the second loading equals the work
done by the second loading acting through the displacements due to
first loading, yields

/ Tu® ds + / o lu; —utlds = ] TPuds (A1)
Sr 2s St

Here, 7" and 7,” are the prescribed tractions on the Sy for
two bodies. They are the same and equal to 7;. St represents the
prescribed traction boundary. The u? ) and u®® are the displacement
fields of the first and the second body and u; and u; stand for
displacements at the lower and upper crack faces of second body

over crack extension 2s, respectively.

Fig. A1 A cracked plan body with an initial fatigue crack.

Fig. A2 The crack propagétes additional length 2s from the initial
crack tip.

According to Clapeyron’s theorem, the potential energies of the
first and second body are

1
Mgy =—5 / Tu® ds (A2)
Sr
and
1
n(z)z_E/ T;u® ds, (A3)
St

respectively. Then the potential energy release (the variation of po-
tential energy) between the bodies is

Al =T — My, (A4)
Substituting Egs. (A1-A3) into (A4), we have

1
ATl = -2 f o lut — u;1ds (AS)
2s

Thus, the potential energy of the second body can be formulated by
adding the potential energy release due to the crack extension to the
first body’s potential energy,

Mg =g + All (A6)

As was stated in the previous section, the basic idea of our ap-
proach is that the direction of crack propagation minimizes the po-
tential energy of the cracked body. In other words, the first derivative
of Iy with respect to 6 is zero. This implies that

Mg 3Ty | AAI
0 90 a0

=0 (AT

Since I1, is independent of 8, the equation becomes

Mg AT
36 a0

= (A8)

Following the procedure described in the crack growth reliability
sectjon, the crack path is divided in m segments. Thus, the maximum
energy release can be expressed as a summation of the maximum
energy releases from these crack of segments,

m
AH=A1’I1+AH2+AI'I3+---+A1'I,,,=ZA1’Ii (A9)

i=1
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Substituting Eq. (A9) into Eq. (A8), we obtain

dANl  DAIL N dATL, + IATI, - AL,
3 96 36 80 30

(A10)

1]
ANgE
QD
%};
|
<o

i=1

Since the derivations of the preceding equation are independent, it
indicates that each term must equal zero. This leads to

0ATI,

=0
30 g,
ATl
IATI, ~ 0
a6 g,
oATl
3 -0
06 g,
dAIL,
=0 All
30 o, (Al1)
where 6y, 0,, ..., 8, are the crack growth directions of segments

1,2,..., m, respectively.

A description of the direction of crack propagation can thus be
formulated by substituting an explicit form of the variation of po-
tential energies ATT; due to the crack extension into Eq. (A11).

B. Potential Energy Release (A Pi;)

The coordinate systems at the crack tip are defined in Fig. A3, in
which the origin of the x and y coordinates is located at the initial
crack tip. Let x* of coordinate system x', y* be along the direction
of crack propagation 6;. Hence, x! is defined to be the direction
along the direction of propagation 8,. According to linear fracture
mechanics, for a plane loading problem, the stress components in
terms of r, the distance from the end of segment 1, and 8, are

Kn 0 .8 . (36
o, = cos—|1—sin—sin| —
2nr 2 2 2

K o 36
+ Z:rlr (—sin —i—) |:2+cos§cos 7] (Al12)
Ku cos o 1+ sin o sin 30
O'y = —_ _— —
A 2rr 2 2 2
Ky . 0 6 36
+ ——— sin — cos — COS — (A13)
rr 22 2
T, Ku cos o sin 9 cos §§
Y mr 202 2
K; 0 6 36
+ % cos 3 l:l — sin 3 sin 7] (A14)
Y
P Xi+1 x

23{‘
Fig. A3 Coordinate systems along the crack extension path.

where K, and Ky are the stress intensity factors corresponding to
the initial crack tip of segment 1. By the transformation, the stress
components in coordinate system x!, y! are

K 6 0 K
o = L cos —[1 + sin® ~] + =2

N2mr 2 2 2r
) 39 6 0\’
X [—sini—{-sin?—sinz(cosz) ] (A15)
g, Ku cos® o + K sin b sin 39
1] = —_— p— _— —_
Y 2 2r 2 2
2
0 0
+ sin 3 (cos 5) ] (A16)
2
Teiyl = ﬂ cosé—) smg + Km
Y V2w 2 2 2nr
X sin 0 2 cos o + cos 39 (A17)
) 2 2

Suppose the crack extends a length 2As in segment 1, where As
is equal to s/m if each segment has the same length. According
to Ref. 15, the mode I stress intensity factor corresponding to the
initial crack tip of segment 2 can be expressed as a closed form as

1

1 & (As+1)?
K 2As) = fHdt  (Al8
1(a0 +2A5) MS/_M(AS_I) pdt (A8

where p, (1) is the tensile stress component

pat) = K el _Km
g VrBs 10 2 JSalAs+D
X in 2 in 2 + sin o 0S 0 2 (A19)
Sin 3 s 2 3 C )

Therefore, substituting Eq. (A19) into Eq. (A18) and integrating it
over (—As, As), we have

2 3 7] 2
Kp(ag + 2As) = — Ky cos® — + — Ky
b4 2 n

X i o—sin?’ﬁ—ksine 0059 ’ (A20)
. 2 2\ %2

Similarly, the stress intensity factor of mode II is

1
1 A5 FAs+1\?
Km(ap +2As5) = / n(dr (A1)
wAs J_ o, \AS—1

and p,(¢) is the shear stress
@) Ku cos 0 2 in 9
o= s io\ 2) 2

) .
Km ) 6 36
+ ——————|{ sin< | cos < +cos — A22
V2r(As + 1) [( 2 2 2 (A22)
Hence, by substituting Eq. (A22) into Eq. (A21) and integrating it
over (—As, As), we have

2
2 0 6
Km(ag +2As) = — Ky | cos = | sin -
b1 2 2

2
2 .6 6 30
+ ;Km [(sm 5) cos ) + cos 7] (A23)
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For a plane problem, the general expressions of displacement com-
ponents are

Uy = ;‘: e cosgl:k—l-f-Zsinzg:
I;Z‘ - n—[k+1+2008 g—: (A24)

Uy = 52(;—: 2—sn—[k+1—2cos g:
+ 15—1: é(— cos g) [k — 1 —2sin’ g] (A25)

In (A24) and (A25), u is shear modulus and £ is defined as

= ?jr: for plane stress
3 —4v for plane strain

where v is Poisson’s ratio. When the crack extends to the end of the
first segment ( x3, ¥, ), the displacements at the upper crack face are
obtained by substituting &6 = » into Eqs. (A24) and (A25). They
are

1
K 2As5) [2As —r\?
wf (ao +2A5) = ‘“(“‘;: S)( ;n ’) k+1) (A26)
1
K 2As) {2As —r\?
uf (ao + 2As) = “(“"2: s)( ;n r) k+1) (A27)

where r is the distance from the initial crack tip. Similarly, by sub-
stituting 6 = —s into Eqs. (A24) and (A25), the displacements at
lower crack are

1
K +2As) (2As —r\?
uy (ap +24s) = — ‘“(“‘;M s)( - ) (k+1) (A28)
1
2 2805 —r\?
u;(auo+2As)=—Kn(aozz~ AS)< 2sn r) k+1) (A29)

Comparing Egs. (A26) and (A27) with Egs. (A28) and (A29), one
finds at once

u; (a0 + 2As) = —uf (ap + 2As) (A30)

u; (ao +2As) = —u; ap +2As) (A31)

Substituting Eqs. (A30) and (A31) into Eq. (A5) and realizing that
(As)

o, arestresses acting on segment 1 without crack extension yields
2As 2As
—ATIL =f ui*(a0+2As)rx1y1 dr+/ u;(ao+2As)ay1 dr
0 0
(A32)

Finally, upon substitution of Egs. (A16), (A17), (A26), and (A27)
into Eq. (A32), a closed form of the potential energy release for the
first segment is obtained

: 0
—AIl; = M Ky cos® g 4+ Km| — sin =
2ur 2 2

—sin39+ in9 osg i 2+ K coszgsing
7 "o\ %3 neos 5 sy
o6 6 36\ 71
+ Km (sin2 5 €08 5 + cos —2—)} ) (A33)

It is actually can be described as the change of potential energy due
to the crack extension in the first segment.

For other segments, for example, segment i, conducting a similar
procedure the potential energy release can be expressed as

Ask+1 6 0
—AH, = L_—I_—-)' K[,' 0053 e KH,' — sin —
2ur 2 2

i 30+sin‘9i cosg 2 2+ K coszgsinoi
) 2 2 weos sy

2
] 36
+ Ky (sin2 5 €08 3+ cos 7)] } (A34)

where the stress intensity factors corresponding to the initial crack
position at segment i are

2 9 2 ]
Kyag +2iAs) = —Kycos® = + =Ky | —sin=
T 2 ' x 2

2 .
30 e e
— sin 5 + sin 3 (cos 5) ] (A35)
and
2
2 (7] .0
KH,' (a() -+ ZIAS) = —KI,' COS — sin —
T 2 2
2 AN 30
+;T— x Ky [(sin 5) cos 3 =+ cos 7] (A36)

C. Crack Growth Direction by Minimum Potential Energy
Substituting Eq. (A33) into the first formulation of Eq. (Al1)
after a tedious derivation, we have
d Al'[1 S (k + )

5 = - [Kysind + Ky (3cos @ — 1)]

X [-Kn(1 +cosB) + Ky sinf]ls, =0 (A37)

For the case of mode I fracture, Ky; = 0, then Eq. (A35) reduces
to
JAIT, Astk+ 1)

%= apn K7 sin6(1 4 cos@)|s, =0 (A38)

which leaves us with § = 0 or & = =. This is the same results
shown on the maximum stress criterion.!!
For the case of a mode II fracture, Kj; = 0, then
JAIl, s(k +1)

el v Kf sin6;(3cosd ~ Dg, =0 (A39)

From which we can getsin 6 = O or (3 cos 6 — 1) = 0. This solution
again is the same with the prediction based on the maximum stress
criterion.!!

For the case of a mixed mode (mode I and TI) fracture, Eq. (A37)
gives

Ky sinf 4+ Ky1(3cos — 1) =0 (A40)
or
— Kiy(1 +coséy) + Ky sinfy =0 (A41)

Again, for segment i, the minimization process implies
0AIl;  Askk+1)
0  dum

[KIi sinf + K[I,' (3 cosf — 1)] =0
(A42)
which yields
KI,' sin 6,' -+ KI[,'(3 cos 9,‘ bt 1) =0 (A43)
or

— Ky (1 4+ cos6;) + Ky sinf; =0 (Ad4)
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It is important to note that all the crack growth directions 6; are
defined with respect to the global coordinate system x, y where the
origin is located at the initial crack tip of segment 1.

D. Summary

Equation (A40) and (A43) are the exact same form for the crack
growth direction proposed by Erdogan and Sih!! based on the hy-
pothesis that the crack extension starts in the direction normal to that
of the maximum tension stress. It is shown in this Appendix that the
direction normal to the maximum tension stress minimizes the po-
tential energy of the cracked body. In other words, the crack growth
direction can also be obtained based on the principle of minimum
potential energy.

Most importantly, in this Appendix we proved that the crack
growth direction formulation Eq. (A12) can be applied to any por-
tion of a continuous and smooth crack path.

Conclusions

A new methodology has been proposed for the prediction of the
crack path and the evaluation of the cumulative probability of fail-
ure for mixed-mode crack propagation. Results have been shown to
agree well with the predications based on Ref. 12. Even though the
crack path was determined through a quarter-point finite element
approach, the proposed methodology can be implemented by ana-
lytical as well as numerical analysis techniques. The methodology
is a general approach and applicable to real structures.
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